Femtosecond laser filamentation is generally initialized from unpredictable symmetry breaking caused by random noise, causing it to be barely controlled. However, it is always anticipated for stable and controllable filamentation. We present and demonstrate the idea that hybridly polarized vector fields with axial symmetry broken polarization, associated with a pair of orthogonally linearly polarized vortices carrying the opposite-handed orbital angular momenta, could achieve controllable and robust multiple filamentation. Here, our motivation is to unveil the underlying physics behind such controllable and robust multiple filamentation. The symmetry breaking should first be actively controllable and then be able to effectively inhibit random noise. Robust multiple filamentation is inseparable from the fact that the phases between the multiple filaments are always locked. In contrast, uncontrollable multiple filamentation is always accompanied with loss of phase, i.e., the multiple filaments become incoherent to each other. Our results may offer a suggestion for achieving controllable and robust multiple filamentation in other systems.
INTRODUCTION
Field collapse, as a universal phenomenon, has attracted considerable attention; such phenomena occur in most branches of physics. As field collapse exacerbates, other induced nonlinear processes such as higher-order nonlinearity and multiphoton absorption counterbalance the self-focusing effect, preventing further field collapse and resulting ultimately in filamentation. Aside from its unique feature and underlying physics, filamentation becomes a paramount subject due to its various practical applications [1] [2] [3] [4] [5] . It should be very helpful to refer to a broad review article for field collapse and the subsequent filamentation [6] .
Considerable research has focused on the spatial dynamics and mutual interactions of multiple filaments [7, 8] . The field collapse and the subsequent filamentation originate from the self-focusing effect caused by the spatial inhomogeneity of the nonlinearity-induced refractive index change. In particular, the multiple filamentation is barely controlled because it is generally initialized by random noise of an optical field. However, the actively controlled filamentation is always expected due to the request of various applications. A great challenge is how to tame the randomness. Several approaches such as controlling the input power and divergence angle [9] , shaping the field profile [10, 11] , and using the amplitude/ phase mask [12, 13] have been proposed. By utilizing the vectorial effect, multiple circularly polarized femtosecond (fs) pulses realized control on two filaments in argon [14] , and the linearly polarized field was predicted to result in three filaments [15] . By adjusting the time delay and relative phase, an intense filament could control the position and intensity of a probe filament [16, 17] . Theoretical predictions revealed that the phase of the input pulses can control two filaments in air [18, 19] .
Interestingly, Fibich and Kleinan [20] predicted an effect termed the "loss of phase" in field postcollapse, implying that a postcollapse field can acquire a large accumulative nonlinear phase shift extremely sensitive to a small initial fluctuation through the collapse point. This effect causes the phase of a postcollapse field to become stochastic and the interaction between postcollapse fields becomes chaotic [20] . Two preceding experiments verified that the phase-controlled interaction is robust for precollapse fields but not for postcollapse ones [21, 22] . An important experimental advancement [23] confirmed the prediction about the loss-of-phase effect; it also showed that this effect is a universal phenomenon independent of the collapse-arresting mechanisms and that the loss of relative phases between postcollapse fields should occur in all systems exhibiting field collapse [23] .
Most reports on multiple filamentation have focused on the phase and/or intensity effects for homogeneously polarized fields (HPFs) and polarization vortices during field collapse [15, [24] [25] [26] [27] , whereas the spatial structure of states of polarization (SoPs) was seldomly involved. We have demonstrated controllable and robust field collapse by tailoring the spatial SoP structure of azimuthal-variant hybridly polarized vector fields (AV-HP-VFs) [28] , which are associated with a pair of orthogonally linearly polarized vortices carrying the opposite-handed orbital angular momenta. Such a field collapse has a robust feature against random noise [28] .
Some very interesting fundamental questions exist: (i) Is the loss-of-phase effect a universal phenomenon during field collapse? (ii) What is the underlying mechanism behind the loss-of-phase effect? (iii) Can the loss of phase disappear or can stable phase be achieved? (iv) What is the interior relation between the loss of phase and postcollapse (multiple filamentation)? (v) Why is it that the axial symmetry breaking caused by the hybrid SoP structure can result in controllable and robust filamentation? The mission of this paper is to answer these questions.
THEORY
In Ref. [28] , we focused on the precollapse behavior of the AV-HP-VFs only. As is well known, the self-focusing effect caused by the third-order (Kerr) nonlinearity plays a dominant role in the precollapse process. The (2 1)-dimensional vector version nonlinear Schrödinger equation (NLSE), taking into account the Kerr nonlinearity, is able to simulate the precollapse behavior only [28] . We also proposed a cross-coupling model to intuitively understand the physics behind the precollapse [28] . However, to explore the postcollapse (multiple filamentation) behavior of the AV-HP-VFs, we would take into account the contribution of the high-order nonlinearity.
The AV-HP-VFs have an intrinsic difference from HPFs with regard to the field collapse and multiple filamentation. The former originates from the controllable and designable axial symmetry breaking caused by the hybridly polarized spatial structure. By contrast, the latter is initialized by the unpredictable axial symmetry breaking caused by the random noise. Let us consider a "top-hat-like" profile AV-HP-VF with a field radius of r 0 . Such AV-HP-VFs are in fact created by a pair of orthogonally linearly polarized vortex optical fields carrying the opposite-handed orbital angular momenta of mℏ (where m is the so-called topological charge and ℏ is the reduced Planck's constant being equal to the Planck's constant h divided by 2π), as follows:
where ρ; φ indicates the polar coordinate system in the input plane, circ· is the well-known circular function, φ 0 is an initial phase, and jHi and jV i are the horizontally and vertically polarized states, respectively. It is easily proved that under the paraxial condition, for the AV-HP-VF jΨi described in Eq. (1), its focal field jψi in the focal plane r; ϕ is expressed as jψi A 0 Qcosmϕ ϕ 0 jHi exp−jπ∕2 sinmϕ ϕ 0 jV i;
where ϕ 0 φ 0 , p 2πr 0 r∕λf , λ is the wavelength of light, f is the focal length of the lens, A 0 is a constant, and 1 F 2 is the generalized hypergeometric function. As is well known, a (2 1)-dimensional scalar-version NLSE is always used to deal with the collapse and filamentation of an HPF. For an AV-HP-VF, however, we must use a pair of coupled (2 1)-dimensional vector-version NLSEs, for two orthogonal horizontal and vertical components, as follows:
are easily given provided that the suffixes H and V in the expressions of P 3 H and P 5 H are interchanged. ∇ 2 ⊥ ∂ 2 ∕∂r 2 r −1 ∂∕∂r r −2 ∂ 2 ∕∂ϕ 2 is the transverse Laplacian, andr r∕r 0 and ζ z∕L d L d πr 2 0 ∕λ are the normalized radial vector and normalized propagation distance, respectively. ψ q (q H, V ) is the complex amplitude normalized by the total field, as ψ q E q RR jE H j 2 jE V j 2 rdrdϕ −1∕2 , for the q-component. P C is the critical power for self-focusing and P 2n 0 ε 0 c RR jE H j 2 jE V j 2 rdrdϕ is the input power. ϵ 0 and ϵ 00 describe the third-and fifth-order nonlinearities, respectively.
On the right-hand side of Eq. (3), three terms represent the contributions from the diffraction effect, the Kerr nonlinearity, and the fifth-order nonlinearity, respectively. To explore the precollapse behavior, the third terms on the right-hand side of Eq. (3) can be ignored as in Ref. [28] . To reveal the postcollapse and multiple filamentation, however, we must take into account the contribution of the fifth-order nonlinearity, which is added phenomenologically to counterbalance the self-focusing effect (i.e., to arrest the field collapse) [23] .
SIMULATIONS
For the focused AV-HP-VF described by Eq. (2), the local linear and circular polarizations are located at azimuthal angles ϕ lin n nπ∕2m − ϕ 0 ∕m and ϕ cir n 2n 1π∕4m − ϕ 0 ∕m (where n 0; 1; :::::; 4m − 1), respectively, and the local SoPs are elliptically polarized elsewhere. Figure 1 (a) shows the intensity and SoP distributions of the focused AV-HP-VF with m 2 and ϕ 0 0, which exhibits a focal ring, although a spatial randomly distributed noise with a 10% amplitude has been added. The simulation results in Figs. 1(b)-1(f) are given under the conditions of P 12P C , ζ 1.6, ϵ 0 0.33, and ϵ 00 10 −4 , with the spatial randomly distributed noise of a 10% amplitude. As shown in Fig. 1(b) , the focused AV-HP-VF in Fig. 1(a) collapses to converge toward a distinct profile composed of eight filaments, which are homogeneously distributed in a circle. This suggests that the random noise has no significant effect on the multiple filamentation pattern. Unlike the HPFs, the random noise does not serve as a seed for the field collapse. We also confirm that the SoPs of multiple filaments are linearly polarized and in good agreement with those of the focused AV-HP-VF in Fig. 1(a) . As shown in Figs. 1(c)-1(e), the calculated on-axis accumulated phase shifts of three filaments (H 1 , H 2 , and H 3 ) have uncertainty, that is to say, the phase of any individual filament still exhibits the lossof-phase effect as reported in Refs. [23, 29, 30] . Unlike the HPFs, however, the relative phases between the multiple filaments are always robust. As shown in Fig. 1(f) , the relative phase between H 1 and H 2 (H 1 and H 3 ) is always in phase (out of phase). For the focused AV-HP-VF shown in Fig. 1(a) at the azimuthal angles corresponding to H 1 and H 2 (H 1 and H 3 ) , the linear polarizations are also parallel (antiparallel), which is equivalent to being in phase (out of phase). For comparison, the postcollapse phase behaviors of the perfect AV-HP-VFs are also shown in Figs. 1(c 
Aside from the random noise, the energy fluctuation between successive pulses may affect the field collapse and multiple filamentation. To further understand the collapsing evolution and multiple filamentation of the AV-HP-VF, we explore the dependence of the peak intensity of the filament on the propagation distance at different random noise levels, as shown in Fig. 2(a) . After the first collapse point occurs at ζ 0.75, the filament undergoes the focusing-defocusing oscillation. Numerous simulations for various different random noises in both amplitude and phase reveal that the random noise has no almost effect on the peak intensity of the filaments. As shown in Fig. 2(b) , the higher pulse power results in shorter collapsing distance and higher intensity at the collapse points. However, this kind of energy fluctuation between successive pulses has no effect on the relative power between filaments.
To illustrate the collapsing evolution and multiple filamentation of the AV-HP-VFs in a Kerr medium, Fig. 3 shows the simulation results of two AV-HP-VFs with m 1 and m 2 when ϵ 0 0.33, ϵ 00 10 −4 , and P 12P C (a 10% amplitude noise is added for two simulations). Beyond the collapse point, the sizes and the intensity of the filaments experience synchronous oscillations with the propagation distance. The added random noise has almost no influence on the filamentation patterns and the filaments in the output face of the nonlinear medium are positioned in a circle, like the perfect AV-HP-VF. The AV-HP-VF with the larger m quickly collapses and then converges to the filaments. This phenomenon is easily understood by using the azimuthal self-focusing model. In a Kerr medium, the induced refractive index change Δn depends on the SoP of the optical field, with Δn lin > Δn ell > Δn cir (Δn lin 1.5Δn cir ). For the AV-HP-VF, because its SoPs exhibit azimuthal periodicity from linear polarization to a circular one through the elliptic one, Δn is a periodic function of ϕ within a range from Δn cir to Δn lin , which serves as an azimuthally arranged self-focusing lens. An AV-HP-VF with the topological charge m will induce 4m azimuthal selffocusing lenses. Given that Δn lin − Δn cir is fixed under the same input conditions, the azimuthal self-focusing lenses induced by the AV-HP-VF with a larger m should have the shorter focal length. Thus, the AV-HP-VF with the larger m has the shorter collapsing distance.
As mentioned previously, the field collapse and multiple filamentation of the AV-HP-VF are controllable, predictable, and designable by engineering the spatial structure of hybrid SoPs. In particular, the multiple filamentation has a robust feature insensitive to the random noise. The relative phases between filaments are robust regardless of any individual filament exhibiting the loss-of-phase phenomena (its phase shift has a dramatic change). Other simulation results (not shown here) demonstrate the following facts. For the AV-HP-VF with the spatial randomly distributed noise, the filamentation patterns become unpredictable or random, and the loss-of-phase phenomena also occurs when the random noise and/or pulse energy have higher levels. In this situation, the competition results in the random noise becoming dominant as the seed for the field collapse instead of the spatial SoP distribution.
EXPERIMENTAL RESULTS
To verify our prediction, we perform experiments on the field collapse and multiple filamentation of the AV-HP-VFs, which are created by a scheme similar to that in Refs. [31, 32] . A Ti:sapphire fs regenerative amplifier as a light source has a pulse duration of ∼35 fs, operating at a repetition rate of 1 kHz and a central wavelength of 800 nm. The created AV-HP-VFs with topological charge m and initial phase φ 0 have a "top-hat-like" spatial profile, excluding a central polarization singularity, with diameter of r 0 3.0 mm, maximum pulse energy of 6.0 μJ, and pulse duration of ∼65 fs. The focused AV-HP-VF by an achromatic lens with f 60 mm is incident into a CS 2 (as a Kerr medium) cell with a length of 10 mm. The input face of the cell is located in the vicinity of focal plane of the lens. The intensity patterns of the multiple filaments from the output face of the cell are recorded by imaging them onto a CCD detector. Figure 4 shows the measured six consecutive, 10-shotaverage CCD images of the filamentation patterns at the output face of the cell, produced by two AV-HP-VFs with m 1 and m 2 at a pulse energy of 2.0 μJ. Clearly, the two AV-HP-VFs collapse into the stable four and eight filaments, respectively. The measured filamentation patterns and the SoPs of filaments are in good agreement with the just-discussed theoretical predictions. Very importantly, the experimental results confirm that the multiple filamentation patterns produced by the two AV-HP-VFs are stable when the input pulse energy is within a range from 1.4 to 2.7 μJ. When the pulse energy exceeds 2.7 μJ, however, the output pattern becomes unstable like the traditional filamentation initialized by the random noise, which is easily understood below. Due to the competition between the spatial symmetry breakings caused by the random noise and hybrid SoPs, the former is dominant when the pulse energy exceeds a certain critical level, whereas the latter is dominant because the former is inhibited when the pulse energy is lower than the critical level. So long as the pulse energy is limited within a suitable range, the multiple filamentation can be well controlled by engineering the spatial SoP structure. In fact, this energy range, which ensures the stable multiple filamentation pattern, is not so narrow, and we can even say the range is quite broad. If the AV-HP-VF propagates in atmosphere, the energy range for stable filamentation will be broadened dramatically because the nonlinearity of atmosphere is much lower than that of the CS 2 used in this work.
Unlike the HPFs, the cross-coupling between two orthogonally polarized components carrying the opposite-handed orbital angular momenta plays an irreplaceable role in the field collapse and multiple filamentation of the AV-HP-VF. The cross coupling causes the energy of a linearly polarized component of the circularly/elliptically polarized light to be irreversibly exchanged into another orthogonally polarized one due to the presence of a phase difference π∕2 between the two orthogonally polarized components. Thus, the circularly/elliptically polarized light trends to become the linearly polarized one. The combination of cross coupling and azimuthal self-focusing effect results finally in deterministic filaments. We have thus confirmed theoretically and experimentally that postcollapse interactions can be robust and insensitive to input fluctuation (i.e., the loss of relative phase does not occur), because the collapse of the AV-HP-VF is not initialized by the random noise.
CONCLUSION
In summary, we investigated the stability of multiple filamentation caused by the axial symmetry breaking of polarization. The AV-HP-VFs with axial symmetry breaking of polarization are created by the combination of a pair of orthogonally linearly polarized vortices carrying the opposite-handed orbital angular momenta. We use the vector version NLSE, including the quintic nonlinearity, to simulate the field-collapsing evolution of the AV-HP-VFs, including the precollapse and postcollapse (multiple filamentation).
For the HPFs, the accumulated phase of any individual filament and the relative accumulated phases between any two filaments are unpredictable (loss-of-phase), that is to say, the filaments are incoherent each other. As a result, the instabilty of field collapse and multiple filamentation always accompany the loss-of-phase effect. In contrast, for the AV-HP-VFs, althrough the accumulated phase of any individual filament has uncertainty or suffers from the lossof-phase effect, the relative phases between any two deterministic filaments are always locked (in other words, all the filaments are coherent to each other). Therefore, the underlying mechanism behind the stability of multiple filamentation should be the locked-relative phase. The lossof-phase effect for any individual filament should be a universal phenomenon, whereas the locked-relative phase should not be a universal phenomenon. Since the random noise is always hard to avoid and the field collapse is generally initialized from the unpredictable symmetry breaking caused by the random noise, to achieve the desired multiple filamentation, the symmetry breaking should not only be controllable and realizable, but also be able to suppress the unpredictable random symmetry breaking. The locked-relative phase coexists always with the controllable and robust multiple filamentation initialized from the effectively active symmetry breaking, while the loss-of-relative-phase effect is closely related to the multiple filamentation initialized from the symmetry breaking caused by the random noise. We believe that the controllable and designable spatial structures of polarization should be applied more comprehensively in many branches of physics. 
